Abstract. Let L be a simply-connected simple connected algebraic group over a number field F , and H be a semisimple absolutely maximal connected F -subgroup of L. Under a cohomological condition, we prove an asymptotic formula for the number of rational points of bounded height on projective equivariant compactifications of ∆(H)\L n with respect to a balanced line bundle, where ∆(H) is the image of H diagonally embedded in L n .
Introduction
Let X be a smooth projective variety over a number field F . X is called Fano if the anticanonical divisor −K X is ample. Given an ample line bundle L on X, and an adelic metrization L of L , we can define an associated height function
(1.1) on the set of F -rational functions (see [CLT10] Section 2). Take a suitable Zariski open X • ⊂ X, Manin's conjecture [FMT89] predicts the asymptotic growth of the number of rational points with height at most T in X • (F ), as T → ∞. Consider the counting function
and it is conjectured that
where c(L) > 0, and a(L ), b(L ) are geometric constants attached to X and L , which we define below. Let L be an ample line bundle on X, and let Λ eff (X) denote the pseudo-effective cone in the real Néron-Severi group NS(X, R). We define The property of these two constants was systematically studied in [HTT15] , where the notion of balanced line bundle was defined.
In the equivariant setting, let G be an algebraic group over F , and H be an F -subgroup of G. Take X • = H\G, and let X be a smooth G-equivariant compactification of X • . Let L be an ample line bundle on X. Several cases have been studied recently. Gorodnik, Maucourant and Oh [GMO08] proved Manin's conjecture for G = H × H. Later Gorodnik and Oh [GO11] proved Manin's conjecture for G a connected semisimple F -group, and H a semisimple maximal connected Fsubgroup of G, under certain cohomological condition. Gorodnik, Takloo-Bighash and Tschinkel [GTBT15] settled the case where H is a simple connected F -group diagonally embedded into G = H n , and L = −K X is the anticanonical bundle. Definition 1.1. Let X be an equivariant compactification of X • = H\G and H ′ ⊂ G any closed proper subgroup containing the diagonal, i.e.
in the lexicographic ordering. It is called balanced if this property holds for every such H ′ ⊂ G.
In this article we prove the following new case of Manin's conjecture.
Theorem 1.2. Let L be a simply-connected simple connected algebraic group over a number field F , and H be a semisimple absolutely maximal connected F -subgroup of L. Let G = L n , and ∆(H) the image of the diagonal embedding of H into G. Let X be a G-equivariant compactification of X • = ∆(H)\G. Let L be a balanced line bundle on X, with a smooth adelic metrization L. Suppose that for any completion F v of F , the map of Galois cohomology
Our proof combines techniques from [CLT10] [GO11][GTBT15].
Intermediate Subgroups
Let F be an algebraically closed field of characteristic 0. Let L be a simplyconnected simple connected algebraic group defined over F , and H be a semisimple maximal connected F -subgroup of L. G = L n is the n-fold direct product of L. Let ∆(H) denote the diagonal embedding of H into G. In this section we classify all the subgroups of G which contain ∆(H). For any group N and integer r, let ∆ r (N ) denote the image of the diagonal embedding of N into N r .
and that up to permutation of indices, M is the image of the morphism
Proof. We prove by induction on n. The case n = 1 follows from the maximality of H. Suppose the proposition holds for n. For G = L n , let p 1 : M → L n−1 denote the projection onto the first n − 1 entries, and p 2 : M → L the projection onto the last entry. Without loss of generality we may assume p 2 (M ) = L. Otherwise M is contained in H n and the conclusion holds by [GTBT15] 
Since L is simple and N is normal in L, we conclude that N = L. Now we discuss all the possible cases.
By inductive hypothesis we know that p 1 (M ) is of the form as in the proposition.
Case 3. N is finite. Then p 1 is an isogeny. By inductive hypothesis we may as-
whose kernel is denoted by K. Since L and H are both semisimple, by Lemma 2.2, the neutral component
Since ψ is an automorphism of L/N , by the following Theorem 2.3, ψ induces an isomorphism φ : p 1 (M ) → L. Further lifting to p 1 (M ), we can say that p 2 induces p 2 : p 1 (M ) → L, whose mapping graph M 0 is contained in M . Since M is connected, we know that M 0 = M . In other words, p 1 is surjective. Therefore p 2 induces an automorphism ρ : L → L. Since ∆(H) is contained in M , we know that ρ fixes each element in H.
Lemma 2.2. Suppose G i 's are simple algebraic groups, and H is a connected normal subgroup of
Proof. We prove by induction on n. Without loss of generality, we may assume that the projection p 2 (H) of H onto the last summand is nontrivial. Since G n is simple, and p 2 (H) is connected normal in G n , we know that
And by inductive hypothesis p 1 (H) is already a direct product.
We now see that the study of automorphism group plays an import role here. Hence let us recall the following result. Here we also give a corollary of this theorem, which will be crutial in the next section.
Corollary 2.4. Let G be a simply-connected semisimple group, and H is a maximal connected subgroup of G. Then the set {ρ ∈ Aut G : ρ(h) = h, ∀h ∈ H} is finite.
Proof. By Theorem 2.3, it suffices to consider inner automorphisms only, as Sym R is already finite. Suppose ρ(g) = g 0 gg −1 0 for some g 0 ∈ G, then g 0 ∈ Z H (G). Since H is maximal and G is semisimple, we know that Z H (G) is finite. Hence we only have finitely many choices of such automorphisms.
Equidistribution
Let F be a number field. Let L be a connected semisimple group defined over F , and H a semisimple maximal connected subgroup of L. Notice that in this section we drop the assumption that L is simply-connected. Let π :L → L be the universal cover of L and W a compact subgroup of
Let C c (Y W ) W denote the space of compactly supported W -invariant continuous functions on Y W . Let G = L n be the n−fold direct product of L, and V = W n is an open subgroup of G. Set
Theorem 3.1. Let L be a connected simple group defined over F . Let H be a simple maximal connected subgroup of L. Suppose
(2) For any i, b
where ν is the invariant probability measure supported on H(F )\(H(A) ∩ L W ) considered as a measure on Y W via pushing forward by the natural injection, and µ is the probability Haar measure on Y W .
Proof. Set
From the proof of Corollary 4.14 in Gorodnik-Oh, we know that H(F )π(H (A))(W (k) ∩ H(A f )) is a normal subgroup of H(A)∩L W with finite index, for any k. Hence there exists a finite subset
where the union is a disjoint union. We note that by Corollary 4.10 in [GO11] ,
where µ (k)
x is the invariant probability measure supported on x 0 π(H(A))x, and dw is the normalized invariant measure on W (k) . Now for any k, choose x (k) ∈ ∆ (k) , and set
and x (k) ∈ H(A), we can see that the sequence {c (k) } still satisfies both conditions in the theorem. According to the definition we can rewrite the last integral in (3.1) as
Now it remains to determine the limit points of c (k) · λ H , where λ H is the invariant probability measure on π(∆(H)(A)).
, is also anisotropic over F . Therefore, by [GO11] Theorem 1.7(1) we know that {c (k) · λ H } is relatively compact. Suppose µ is a limit point. By [GO11] Theorem 1.7(2) we get a connected
where N k is an intermediate subgroup as described in Proposition 2.1. Now it suffices to show that M = G, and the theorem will follow by a similar argument to that in [GTBT15] . We prove M = G by contradiction. Suppose M is a proper subgroup of G. By Corollary 2.4, the number of intermediate subgroups is finite, and thus by passing to a subsequence we may assume that N k = N for all k. Here N is a proper subgroup of G = L n . Case 1. There is no ∆ n i (H) part. Since N is a proper subgroup of G, we can
j converges, but this contradicts to the fact that pairwise ratios diverge.
Case 2. There is a ∆ n i (H) part. We may assume that π 1 (N ) = H. We see from (3.4) that σ
1 converges. This contradicts to the facts that {c
Therefore, M = G, and still by [GO11] Theorem 1.7 we know that there exists a normal subgroup M 0 of M (A) = G(A) containing G(F )π(G(A)) and g ∈ π(G(A)) such that for any f ∈ C c (G(F )\G V ) V , we have the following
where dµ M 0 is the pushforward of the Haar measure on x 0 M 0 , and dz is the Haar measure on G(F )\G V .
Finally, combining equations (3.1)(3.3)(3.5) we finish the proof of the theorem.
Volume Computation
In this section, let L be a simply-connected simple connected algebraic group over a number field F , and H be a simple maximal connected F -subgroup of L. Denote by G the n-fold direct product of L. We treat H as a subgroup of G via diagonal embedding. Let X be a smooth projective equivariant compactification of X • = H\G. Let L be an ample line bundle on X. By [GTBT15] Proposition 2.1, we can write
and To compute the volume of the height ball via standard Tauberian argument, we need the following result.
Theorem 4.1 ([GTBT15] Theorem 3.3) . Let G be a connected semisimple algebraic group and H ⊂ G a closed subgroup, defined over a number field F , such that the map H 1 (E, H) → H 1 (E, G) is injective, for E being either F or a completion of F . Let X be a smooth projective equivariant compactification of X • = H\G with normal crossing boundary α∈A D α and
an adelic height system. Then there exists a function Φ, holomorphic and bounded in vertical strips for Re s α > κ α − ǫ, for some ǫ > 0, such that for s = (s α ) in this domain one has
where ζ F is the Dedekind zeta function.
Let B T be the height ball in X V = X • (A) defined by
We have the following asymptotic formula for the volume of the height ball.
Lemma 4.2 ([GTBT15] Lemma 6.3).
Let L be an ample line bundle on X, and L be a smooth metrization of L . Then
The following lemma is a generalized version of [GTBT15] Lemma 6.6.
Lemma 4.3. Let H ⊂ M ⊂ G be semisimple connected algebric groups defined over F , and L be a balanced line bundle on H\G. Let K be a compact subset of G(A) such that
is injective for any place v of F , then for any smooth adelic metrization of L , we have
Proof. Since we have injectivity of cohomology, we can apply Theorem 4.1 to H\M and H\G. Now we know the poles of the height integral and their orders, and we can apply the standard Tauberian argument to obtain the volume asymptotics (see [CLT10] Appendix A). The proof of [GTBT15] Lemma 6.6 works with no changes needed.
Corollary 4.4. Let G = L n and H embeds in G diagonally. Let the volume be given by the Tamagawa measure with respect to a balanced line bundle L .
(1) Let K 1 be a compact subset of L(A). For any 1 ≤ i < j ≤ n, we have
(2) Let K 2 be a compact subset of H\L(A). Fix 1 ≤ i ≤ n, we have
Proof. In (1) we take
and We recall the following result from [GTBT15] . Given compact subsets K 1 of L(A) and K 2 of (H\L)(A), we set B T,K 1 ,K 2 = {x ∈ B T : (x i ) −1 x j / ∈ K 1 , i = j; x i / ∈ K 2 }. (4.12) By Theorem 3.1, for every ǫ > 0, there exists K 1 and K 2 such that for all x = (x 1 , · · · , x n ) ∈ B T,K 1 ,K 2 , we have Since ǫ > 0 is arbitrary, combining (4.14) and (4.15) we finish the proof of the proposition.
